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Abstract 
In the paper (Goloveshkin and Myagkov 2014) we proposed a two-dimensional energy-based 
model of fragmentation of rapidly expanding cylinder under plane strain conditions. The model 
allowed one to estimate the average fragment length and the number of fragments produced by 
ductile fracture of the cylinder. In present note we show that the proposed approach can be used 
to estimate the number of fragments in a problem of fragmentation of a rapidly expanding ring 
with arbitrary cross-section. 
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Two one-dimensional models of the dynamic fragmentation of rapidly expanding metal 
cylinders have been actively discussed in recent years [1]. First is the statistics-based theory of 
Mott and second is the energy-based theory of Grady. The models allow one to estimate both the 
average fragment length and the number of fragments. It is important to note that these models 
are generalized to the case of the expanding rings in a trivial way due to their one-
dimensionality. 
In recent paper [2] we proposed a two-dimensional energy-based model of fragmentation of 
rapidly expanding cylinder in conditions of the ductile behavior of the material and under plane 
strain. The model allowed us to estimate the average fragment length and the number of 
fragments produced by ductile fracture of the cylinder. They obey the two-thirds power 
dependence on strain rate like the energy-based model of Grady. However, there is a significant 
difference between our model and Grady’s model. The difference consists in the presence of the 
cylinder-wall thickness into expressions for the average fragment length and the number of 
fragments. In present note we show that the proposed approach [2] can be used to estimate the 
number of fragments in a problem of fragmentation of an expanding ring with arbitrary cross-
section.  
The model under consideration uses a minimum number of constants characterizing the 
material properties of the ring. We assume that material of the ring is incompressible with the 
density  and its mechanical behavior obeys the ideal rigid-plastic model with yield stress Y. We 
also assume that the linear dimensions of the cross-section of the ring are much smaller than the 
ring radius R. The ring undergoes a uniform radial expansion with a velocity at the center of 
mass of the cross-section equal to Vi .  
A key element of the problem is the model of the neck formation and evolution during rod 
stretching. We consider a homogeneous rod, the cross-section of which is a convex contour 
having a center of symmetry (it coincides with the center of mass of the cross-section). The 
origin of a coordinate system ( ; )X Y  lies in the geometric center of the cross-section; the axis Z  
is parallel to the axis of the rod.  
Let ,.... , ,....xx yz xx yz     are the components of the strain rate tensor and the stress tensor, 
respectively. The power of internal forces per unit volume is defined as ij ijw   . It is easy to 
show that for the accepted material properties it can be written in the form 
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A discontinuity of the tangential velocity equal to  v  on some surface produces (according to 
(1)) the power of internal forces per unit surface which is equal to 
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 Suppose that a continuous velocity field appeared in the rod having the form: 
10,x y zu u u V     at  1( ; )z x y  and 20,x y zu u u V     at  2 ( ; )z x y .  
The velocity field between surfaces 2 1( ; ) ( ; )x y z x y    is arbitrary and it satisfies the continuity 
condition on these surfaces. We denote by D a plane region in the section of the rod. Let us 
estimate the total power of internal forces W  taking into account the incompressibility condition, 
xx yy zz     : 
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Thus, we have an estimate that gives the minimum possible power of internal forces in the 
problem under consideration SVVYW 221min  , where 2S - is the cross-sectional area of the 
rod. The solution of the model problem of neck formation when the rod is stretched under the 
conditions of plane deformation, as described in [2], gives for the total power of the internal 
forces 
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Note that the difference between (4) and the minimum possible power (3) is only ~15%. 
Consider a rod in which the following velocity distribution is given at the initial instant: 
10, 0,x y zu u u V    at 10 z l  ; 20, 0,x y zu u u V    at 2 0l z   .            (5) 
We assume that a plane velocity field perpendicular to the X-axis analogous to the velocity field, 
which we considered in [2], is formed in the rod. This assumption, generally speaking, is valid if 
the rod cross-section is strongly elongated along the X - axis, i.e. aspect ratio a/h >> 1 (see Fig. 
1). However, the distinction of the solution (4) (taken from [2]) from the minimum possible 
power (3) by only 16% tells us that we do not make a big mistake taking the above velocity field 
for the case when aspect ratio a /h ~ 1. 
We introduce a function ( )s y  that has the meaning of the current area of the deformable part 
of the rod (neck), cut off by a straight line parallel to the X - axis from the cross-section of the 
rod (Fig. 1). It is assumed that 0 y h  , where h is the ordinate of the furthest point of the right 
half of the rod section from the X- axis. 
 
 
Fig. 1. The geometric meaning of the function ( )s y . 
 
We believe that at the current moment the deformed zone has shifted by an amount y. 
Then the value of the power of internal forces N  is 
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where for definiteness we put 1 2V V . From the law of momentum conservation it follows that 
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From the law of energy conservation it follows that 
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where 2 21 1 2 2E Sl V Sl V    is the kinetic energy of the rod.  From (8) it follows that 
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Initial conditions at 0t  : 1 10 2 20, , 0V V V V y   . From (7, 9, 10) we obtain 
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with initial conditions at 0t  : 10 200,
2
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y
dt
  . Integrating (11) we obtain  
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A complete break of the rod occurs when y h . Consequently, the condition  
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must be satisfied for breaking the rod. 
Let the moment t   correspond to the moment of discontinuity. Integrating power (6) with 
respect to time, taking into account relation (10), we obtain the work fA  necessary to break the 
rod: 
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We note that the integral 
0
( )
h
cs y dy Sy  can be represented as cyS   where cy  is the coordinate of the 
center of mass of the right half of the rod section, and S is its area. It can be seen that the value of 
the integral depends on the selected direction of the X- axis. For example, let us a square with a 
side 2a . If the X- axis is parallel to the square side, then h = a and 3
0
( )
h
s y dy a , if the X- axis is 
directed diagonally, then h = 2 a and 
0
( )
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s y dy = 3/22 3a . The choice of the direction of the 
X- axis is determined from the condition of the minimum of the integral 
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shown that the value of the integral 3/22 3a  is minimal for the case considered above when the 
rod has the square cross-section with the side 2a.  
Let's consider a uniform expansion of the ring with a velocity at the center of mass of the 
cross-section equal to Vi  selecting a fragment in the form of a segment of the ring with an angle 
2. When the ring is broken down into n identical fragments, n/  . We assume that the 
linear dimensions of the ring cross-section are small compared to its initial radius R and  << 1. 
We also assume that the fracture at both ends of the segment occurs instantaneously and in the 
same way. Over time after the formation, the fragment will move as a rigid body with constant 
velocity. Using the laws of conservation of energy and momentum is easy to estimate the 
reduction of kinetic energy of the fragment E  as a result of the velocity equalizing over the 
volume of the fragment: 
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In paper [2] it was shown that the potential energy of the fragment can be neglected compared to 
its kinetic energy. Therefore, the energy balance for the problem under consideration has the 
form of an equality between the decrease in the kinetic energy of the fragment (15) and the 
minimum work of formation of the breaking surface (14): min)( fAE  . As a result, we obtain 
the desired expression for the average number of fragments: 
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where  RVi .  Thus, the proposed model and the obtained formula (16) allow us to estimate 
the average number n and the average length of fragments nRs /2  that are formed upon 
rapid expansion of a ring of arbitrary cross-section.  
We estimate the ratio Jm = Sdyys
h
min0
)( 



  entering in (16) for two cases of the ring cross-
sections: 
1) Rectangle cross-section 2a x 2h where 2a and 2h are the height and thick of ring, respectively: 
  a) for a >> h  one gets  that  Jm = h/2 ;                   
 b) for a  =  h   one gets  that  Jm = h 3/2 ;  
 c) for a<< h    one gets that  Jm = a/2. 
2) Circular cross-section of radius R : Jm = 4R/(3). 
It is easy to see that in all cases LkJ fm   where L is a linear size of the cross-section of the 
ring and fk  is the coefficient responsible for the cross-sectional shape. The coefficient fk  
depends weakly on the shape of the cross section (it changes within 15% only). We also note that 
the case 1 (a), as expected, yields the formula (16) for the number of fragments, which coincides 
with that for the cylinder [2]. 
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